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NOTATION 

A  Incident  wave  amplitude  (single-amplitude) 

c  Mooring  cable  length 

g  Gravitational  acceleration 

h  Depth  of  submergence  of  body  axis 

I  Pitch  moment  of  inertia  of  body 

I  Pitch  added  moment  of  inertia 

2 

K  Wave  number ,  K  =  u  /g  =  2tt/X 

Z  Length  of  mooring  arm,  measured  vertically  from  body  axis 

M  Body  mass 

P  Probability  function 

p  Fluid  pressure 

S(£)  Sectional  area  of  body 

S(o)  Wave  spectrum 

T  Mooring  cable  tension 

t  Time 

Normal  velocity  on  body  surface 
V-  Volume  of  body 

x,y,z  Cartesian  coordinates  fixed  in  space 

B  Incident  wave  heading  angle  (B  =  0  for  head  waves) 

y  Angle  of  mooring  cable  from  vertical 

C  Vertical  Cartesian  coordinate  fixed  in  body 

Heave  displacement 

S  Vertical  coordinate  of  body  center  of  gravity 

Lb 

n  Transverse  Cartesian  coordinate  fixed  in  body 

0  Pitch  angle 

X  Wavelength 

5  Longitudinal  coordinate  fixed  in  body 

iv 


?  Surge  displacement 

Longitudinal  coordinate  of  center  of  buoyancy 

£  Longitudinal  coordinate  of  center  of  gravity 

Lb 


p  Fluid  density 

oQ  Root-mean-square  pitch  amplitude 

$  Velocity  potential  of  fluid 

4>b  Velocity  potential  due  to  pressure  of  body 

^  Velocity  potential  of  incident  wave 

to  Frequency 

wo  Characteristic  frequency  based  on  wind  speed  at  19.5  meters 
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ABSTRACT 


This  report  describes  a  theoretical  and  experimental  in¬ 
vestigation  of  the  pitching  motions  of  a  moored,  submerged 
mine.  The  theoretical  predictions  are  based  upon  linearized- 
wave  theory  as  well  as  the  assumptions  that  the  body  is 
slender  and  axisymmetric  .and  is  ballasted  to  be  at  equi¬ 
librium  in  the  horizontal  plane.  The  mooring  cable  is 
assumed  to  be  massless  and  inelastic;  the  fluid  is  assumed 
to  be  inviscid.  The  theory  results  in  an  equation  of  un¬ 
damped  motion.  Parallel  experimental  results  were  obtained 
on  a  2-foot  long  model  in  wavelengths  ranging  from  15  to  55 
^eet,  and  these  results  confirm  the  theoretical  predictions 
except  in  the  vicinity  of  resonance,  where  viscous  damping 
is  important.  Full-scale  predictions  are  made  for  the 
root -mean-square  pitching  motions  in  Sea  States  4  through 
7  for  two  proposed  mine  configurations  at  various  depths  of 
submergence.  The  predicted  values  are  from  1  to  9  degrees 
in  Sea  State  4,  depending  on  depth  and  mine  configuration, 
increasing  to  greater  than  25  degrees  in  Sea  State  7. 

ADMINISTRATIVE  INFORMATION 

This  work  was  requested  by  U.S.  Naval  Ordnance  Lab  ltr  JM: JR rich/ 
3900  Ser  6343  to  DATMOBAS  dated  8  Sep  1964. 

INTRODUCTION 

In  response  to  a  request  from  the  Naval  Ordnance  Laboratory,  an 
in /estigation  was  undertaken  to  predict  the  pitching  motion  in  waves  of 
moored  mines.  The  mines  are  elongated  bodies  of  revolution,  about  8  feet 
long,  which  are  moored  with  an  anchor  cable  from  the  nose  so  as  to  be  in 
equilibrium  at  depths  of  from  50  to  200  feet  below  the  free  surface  when 
the  axis  is  horizontal. 

Experimental  modeling  of  the  problem  is  complicated  because  lab¬ 
oratory  wavelengths  are  limited  to  a  maximum  of  approximately  50  feet, 
thus  implying  a  scale  ratio  of  at  least  l-to-10  between  the  model  and  full 
scale;  but  a  model  length  of  less  than  1  foot  is  impractical,  especially 
when  a  pitch-measuring  gyroscope  is  incorporated  inside  the  model.  In 
view  of  this  situation  it  was  decided  to  adopt  a  scale  ratio  of  l-to-4, 
test  in  the  resulting  short-wavelength  domain,  and  use  a  slender-body 
theory  for  the  pitch  motion  to  extrapolate  to  longer  wavelengths. 


Thus  a  combined  theoretical  and  experimental  study  is  presented 
with  a  comparison  of  the  two.  The  comparison  is  quite  good  for  the 
original  mine  configuration  at  the  short  wavelengths  (40  feet)  where  the 
experiments  are  reliable.  At  the  longer  wavelength  (55  feet)  there  is 
more  scatter  of  the  experimental  data,  and  comparison  with  the  theory  is 
less  conclusive.  However,  the  principal  deficiency  of  the  theory  is  its 
inability  to  account  for  the  (predominantly  viscous)  damping  near  reso¬ 
nance,  which  occurs  for  the  original  mine  configuration  at  much  longer 
wavelengths.  To  illustrate  this,  the  model  was  altered  physically  by  in¬ 
creasing  the  length  of  the  mooring  arm,  bringing  the  resonance  frequency 
into  the  range  of  experimental  wavelengths.  The  resulting  data  near  reso¬ 
nance  is  substantially  different  from  the  theoretical  prediction,  so  that 
motions  at  all  wavelengths  cannot  be  accounted  for  with  the  theory. 

To  provide  statistical  predictions  in  a  realistic  seaway  the  reso¬ 
nance  response  is  determined  empirically,  using  as  a  rough  guide  the 
experimental  data  with  the  long  mooring  arm.  The  Pierson-Moskowitz1 
spectrum  for  fully-developed  seas  is  then  applied  for  Sea  States  4  through 
7  and  yields  predictions  of  the  root-mean-square  pitch  amplitude  for  two 
mines  at  various  depths  of  submergence.  It  is  significant  that,  due  to 
different  values  of  the  excess  buoyancy  of  the  two  mines,  the  resonant 
frequencies  correspond  to  very  different  wavelengths  (450  and  1340  feet) ; 
thus  the  relative  superiority  of  the  two  mines  depends  critically  on  the 
sea  state  and  also  on  the  depth  of  submergence.  It  is  clear  from  this 
comparison  that  small  changes  in  the  volume  or  weight  of  such  a  body  can 
have  large  effects  on  the  motions . 

ANALYTICAL  DERIVATION 

In  this  section  wo  shall  derive  the  equations  of  motion  of  a 
moored,  submerged  body  in  regular  waves.  The  following  assumptions  are 
made: 

1.  The  fluid  is  inviscid  and  incompressible. 
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2.  The  wave  height  is  small  so  that  all  wave  and  body  motions 
can  be  linearized. 

3.  The  body  is  a  rigid  slender  body  of  revolution. 

4.  The  mooring  cable  is  inelastic;  its  dynamics  can  be 
neglected,  and  it  is  attached  to  the  body  through  a  friction¬ 
less  joint  below  the  body  axis. 

5.  The  body  is  ballasted  to  lie  in  the  horizontal  plane. 

6.  The  fluid  is  deep. 


We  utilize  two  Cartesian  coordinate  systems,  (x,  y,  z)  and  (£,  n, 
C)  .  with  (x,  y,  z)  fixed  in  space  and  (£,  n,  C)  fixed  in  the  body  (Figure 
1) .  The  C-axis  is  the  body  axis,  and  when  the  body  is  in  equilibrium 
this  coincides  with  the  horizontal  x-axis.  The  z-axis  is  chosen  to  be 
vertical  and  positive  upwards.  The  body  is  fastened  to  the  mooring  cable 
at  the  point  (0,  0,  -£) ,  where  l  is  the  length  of  the  arm.  The  centers 
of  buoyancy  and  gravity  of  the  body  are  assumed  to  lie  at  (C^g,  0,  0)  and 


UCG>  °>  SCG)>  respectively. 


(Note  that  z;GB  -  0  is  a  result  of  neglecting 


the  small  buoyancy  of  the  arm.)  Since  the  body  is  ballasted  to  rest  in 
the  horizontal  position,  it  follows  that 


M  ?CG  =  p  ^  ?CB  t3-] 

where  M  is  the  body  mass;  p  is  the  fluid  density;  and  V  is  the  body  volume. 
The  tension  in  the  mooring  cable  is 

T  =  pg  V  -  Mg  [2] 

where  g  is  the  gravitational  constant. 

Restricting  ourselves  to  analysis  of  motions  in  the  vertical  plane, 
these  will  consist  of  a  surge  displacement  heave  displacement  ^o,  and 
pitch  displacement  0.  However,  the  restraint  of  the  mooring  cable  (with 
the  origin  directly  above  the  mooring-attachment  point)  will  restrain  .the 
heave  displacement  to  a  second-order  amplitude,  which  may  be  neglected  in 
linearized  analysis.  As  a  consequence  of  the  surge  and  pitch  displace¬ 
ments  and  0,  the  two  coordinate  systems  may  be  related  as  follows: 


x  -  £  =  £  cos  0  +  c  sin  0  =  £  +  .;0 


[3] 


3 


z  =  £  cos  0  -  £  sin  fl  =  ?  -  £0 


[4] 


Because  of  the  motions  £q  and  0  the  mooring  cable  will  be  inclined  at  a 
small  angle  y  from  the  vertical.  Assuming  the  cable  length  is  c,  the 
cable  is  straight;  and  the  lower  end  of  the  cable  is  at  a  fixed  point 
(i . e .  the  anchor) .  Then 

cy  +  £0  =  £q  [5] 

y  =  £q/c  -  SLQ/c  [6] 

We  can  now  write  the  equations  of  motion,  for  the  longitudinal 
force  and  pitch  moment,  as  follows: 

-  F  =  M  £  +  //p  cos(n,x)  dS  +  T  (£  /c  -  £9/c)  -  0  [7] 

X  o  o 

-  M  T)=  I  0  +  //p  [c  cos (n,£)  -  £  cos(n,0]  dS 
+  T£  [(1  +  £/c)0  -  £o/c] 

-  Mg  «CG  +  CCG  9)  *  0  t«] 

Here  dots  denote  time-derivatives,  p  is  the  fluid  pressure,  cos(n,x)  and 
cos(n,z)  are  the  direction  cosines  of  the  (outward)  normal  to  the  body 
surface,  and  the  surface  integrals  are  over  that  surface,  representing 
the  negative  of  the  pressure  force  and  moment  exerted  by  the  fluid  on  the 
body.  The  last  term  in  Equation  [7],  equal  to  T  y,  is  the  horizontal  com¬ 
ponent  of  the  force  exerted  on  the  body  by  the  cable.  In  Equation  [8],  I 
is  the  body-pitch  moment  of  inertia  about  the  origin;  the  term  involving 
T  is  the  pitch  moment  due  to  the  cable  tension  T  and  the  moment  arm  £;  and 
the  last  term  is  the  moment  due  to  the  weight  of  the  body  acting  vertically 
downward. 

To  proceed  further  we  must  know  the  pressure  p,  and  it  is  here 
that  the  slender-body  assumption  becomes  necessary.  From  the  Bernoulli 
equation 

P  =  “  P  +  2  1  V<{>1  +  gz]  [9] 
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plus  a  constant,  where  4>(x,y,z,t)  is  the  velocity  potential,  whose 
gradient  is  the  fluid  velocity  vector.  This  potential  must  satisfy  the 
Laplace  equation 

2  2  2 

2  3  $  3  4>  3  4> 

v  4*  =  ~ :  +  — :  +  -2  =  0  [10] 

3x“  3y^  3z 


throughout  the  fluid;  the  linearized  free  surface  of  the  boundary  condition 


3 


2 


4> 


34> 


on  z 


h 


[11] 


where  z  =  h  is  the  plane  of  the  free  surface,  and  the  kinematic  boundary 
condition 


3  4> 

—  =  V 

an  n 


[12] 


on  the  body,  where  is  the  normal  velocity  of  the  body  surface.  For  a 
slender  body  of  revolution,  the  surge  contribution  to  the  normal  velocity 
will  be  small,  compared  to  the  pitch  contribution,  and 

=  -  0  x  cos(n,z)  [13] 

The  potential  4>  will  consist  of  an  incident  wave  potential  <^;  and  a  body 
potential  4^,  due  to  the  presence  of  the  body.  For  plane  progressive 
waves  of  circular  frequency  <u, 

4^  =  ij-p  exp  |  K Cz-h)  +  i  K  x  cos  8  +  i  Ky  sin  6  -  iwtj  [14] 

2 

where  the  rea]  part  is  understood.  Here  A  is  the  wave  amplitude;  K  =  u>  /g 
is  the  wave  number;  and  8  is  the  angle  of  incidence  (8=0  for  head  waves) . 
Combining  Equations  [12]  to  [14],  the  body  potential  must  satisfy 


34,  .  34>- 

—  =  -  9  x  cos (n,z)  -  —  [15] 
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Assuming  the  body  is  slender,  the  body  potential  for  points  near 
the  body  is  then  equal  to 

<f>k=  M  ?  +  b  A  ?  exp  j-  Kh  +  i  K  §  cos  8  -  iwtj  [16] 

plus  an  odd  function  of  n-  Thus,  adding  Equation  [14],  the  total  potential 
on  the  body  is 


4>  =  a  C  ?  +  (gA/u  +  2  u  A  O  exp  Kh  +  i  K  £  cos  3  -  iwt 

2  2 
+  oa  ,  n  ) 


[17] 


plus  an  odd  function  of  n-  Here  we  have  expanded  Equation  [14]  in  a  Taylor 
series  for  small  values  of  the  body  transverse  dimensions.  Substituting 
Equation  [17]  in  the  Bernoulli  Equation  [9],  we  find  that  pressure  on  the 
body  is 


p  =  -p  8  5  C  +  (ipg  A  +  2iu?p  a?)  exp  |  -Kh  +  i  K  5  cos  3  -  iwtj 

-  Pg  C  +  Pg  C  9 


[18] 


where  in  Equation  [18]  and  hereafter  we  consistently  delete  the  nonlinear 
second  order  terms  in  £q,  6,  and  the  wave  amplitude  A. 

The  surface  integral  in  Equation  [17]  can  be  evaluated  as  follows 
from  the  divergence  theorem: 


iff  cos (n,x)  dS  =  fffte  dV  =  *  0  5^dV 

=  JJJ  [-  p  0  ?  -  pg  K  A  cos  8  (1  +  2Kc)  exp  (-  Kh 
+  i  K£  cos  6  -  icot)  ]  dV 


=  -  pg  K  A  cos  8  exp  (-  Kh  -  iwt) 

/* 

exp  (iK£  cos  8)  S(£;)  d£  [19] 

where  S(£)  is  the  cross-sectional  area  of  the  body.  The  volume  integral 
is  over  the  interior  of  the  body,  and  the  line  integral  is  over  the  body 
length. 
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Similarly,  for  the  surface  integral  in  Equation  [8], 


cos  (n,£) 


-  £  cos  (n,c) ]  dS 


dV 


=  JJJ  [p6£2  -  2  iw^p  A£  exp  (-  Kh  +  iK£  cos  8  -  iwt) 

+  Pg  5]  dV 

I  S(£)  [p0£  -  2  iu  p  A?  exp  (-  Kh  +  iK£  cos  8  -  iwt) 

+  Pg  5]  d£ 


[20] 


Substituting  Equations  [19]  and  [20]  in  the  motion  Equations  [7] 
and  [8],  we  obtain 

M5q  +  (T/c)  -  (T£/c)0 

=  pg  KA  cos  8  exp  (-Kh  -  itot)  J  S  CO  exp  (iK£  cos  8)  d£  [21] 

0(1  +  P  J  SUH2  dO  +  T£  (1  +  £/c)  9  -  (T£/c)  £q 

-  Mg  SCG  0  =  2  ipg  KA  exp  (-  Kh  -  iwt)  [22] 

Js(£)  S  exp  (iK£  cos  8)  d£ 

where  in  Equation  [22]  we  have  used  the  equilibrium  condition  Equation  [1] 
and  the  fact  that 

Jc  S(£)  d£  =  V  5cb 

to  cancel  the  nonos dilatory  terms. 

Equations  [21]  and  [22]  are  coupled  equations  of  motion  for  the 
surge  and  pitch  motions  of  the  body.  Two  simplifications  can  be  made. 
First,  if  the  body  length  is  small  compared  to  the  wavelength,  the  ex¬ 
ponential 

ik^  cos  8  ..  . 

G  **  i 


and  it  follows  that 


M  £q  +  (T/c)C0  -  (T £/ c) 0  =  pg  KA  ¥  cos  B  exp  (-Kh  -  iut)  [23] 

0(1  +  p  f  S  (CD  C2  d£)  +  T£  (1  +  Z/ c)  0  -  (T£/c)  £ 

J  °  [24] 

-  Mg  SCG  6  =  2  ipg  KA  ¥Ccb  exp  (-  Kh  -  imt) 

In  this  form  the  only  integral  involved  is  the  geometric  quantity 

I '  =  pj  d£  [25] 

(i.e.  the  added  moment  of  inertia],  and  computations  are  facilitated.  In 
particular,  solving  the  pair  of  coupled  Equations  [23]  and  [24]  gives  the 
pitch  amplitude 

[(T£/c)  cos  B  +  2i  £  (-  to2  M  +  T/c)  ]  pgKA¥exp  (-Kh  -  iwt) 

e  =  —5— - 2 - 5 - ,[26] 

(-  to  M  +  T/c)  [T£  (1  +  £/c)  -  Mg  ^  -  co  (I  +  I")]  -  (T£/c)“ 

As  a  second  simplification  we  may  assume  that  the  cable  length  c 
is  very  large  compared  to  the  arm  length  Z.  Then  the  equations  of  motion 
are  uncoupled,  and 


2i  £r  pg  KA¥exp  (-Kh  -  iwt) 

0  =  - ^ ; -  [27] 

TZ  -  Mg  £cg  -  o>  (I  +  I ') 

We  note  that  in  this  circumstance  the  pitch  response  is  independent  of  the 
heading  angle  B- 

Finally  we  recall  that  the  cable  tension  T  is  given  by  Equation 
[2].  Thus 


2i  £cb  pg  KA  ¥  exp  (-  Kh  -  iwt) 

Pg  V  Z  -  Mg  (Z  +  sCG)  -  co2  (I  +  I ") 
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DESCRIPTION  OF  MODEL  AND  EXPERIMENTAL  TEST  SET-UP 


A  1/4-scale  model  of  the  MARK  56  mine  was  constructed,  except  for 
the  tail  fins,  according  to  drawings  provided  by  the  Naval  Ordnance 
Laboratory.  The  model  was  designed  to  accommodate  an  aircraft-type 
vertical  gyro  to  measure  pitch  angle.  Photographs  of  the  model  are  shown 
in  Figures  2  and  3. 

The  model  was  ballasted  to  the  corresponding  full-scale  weight-in- 
air,  and  the  center  of  gravity  was  adjusted  so  that  the  main  axis  of  the 
model  was  horizontal  while  moored  beneath  the  water  surface.  The  inertia 
of  the  model  in  pitch  about  the  center  of  gravity  was  determined  by 
oscillating  the  model  in  air,  using  bifilar  suspension.  The  center  of 
gravity  was  located  by  using  a  knife  edge  and  by  freely  floating  the  model 
in  water  and  noting  the  angle  of  inclination.  Model  characteristics  such 
as  the  inertia,  weight,  and  location  of  the  center  of  gravity  are  pre¬ 
sented  in  Figure  4. 

Dynamic  characteristics  of  the  model  were  altered  for  some  tests 
to  provide  for  a  more  thorough  corroboration  of  theoretical  computation 
with  experimental  results.  This  was  accomplished  by  lengthening  the 
mooring  arm  20  inches  (7  feet  full  'cale).  Characteristics  of  the  altered 
model  are  presented  in  Figure  5. 

In  addition  to  pitch  angle,  measurements  were  made  of  the  wave 
height  and  heading  angle  of  the  buoy  relative  to  the  wave  direction.  The 
wave  height  was  measured  with  a  resistance  type  probe.  Heading  angle  was 
measured  by  manually  rotating  the  shaft  of  a  calibrated  potentiometer  to 
align  with  the  axis  of  the  model. 

The  model  was  moored  with  soft  stainless  steel  wire  0.031  inches 
in  diameter.  Cables  from  the  gyro  were  looped  to  minimize  interference 
with  the  model  motions.  A  sketch  of  the  test  set-up  is  shown  in  Figure  6. 

TEST  RESULTS 

Tests  were  conducted  in  waves  on  the  unaltered  model  at  mooring 
depths  of  5  and  10  feet  below  the  undisturbed  free  surface  (20  and  40  feet 
full  scale) .  Water  depth  in  the  test  basin  was  20  feet  (80  feet  full  scale) . 
The  model  was  tested  through  a  range  of  wave  heights  and  for  wavelengths 
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of  approximately  40  feet  and  55  feet.  These  wavelengths  are  very  close  to 
the  maximum  that  can  be  generated  in  the  facility.  The  results  of  these 
tests  are  tabulated  in  Table  1. 

Free  oscillation  of  the  model  in  pitch  indicated  that  the  resonant 
period  of  the  model  (4.45  seconds  at  5  feet  depth  and  4.3  seconds  at  10 
feet  depth)  was  much  larger  than  the  wave  periods  that  could  be  generated 
in  the  facility.  Consequently,  to  explore  model  behavior  at  a  resonant 
condition,  the  dynamic  characteristics  of  the  model  were  altered  as 
indicated  previously.  Tests  were  conducted  on  the  altered  model  at  5  feet 
below  the  undisturbed  free  surface  in  a  variance  of  wavelengths  spanning 
the  new  resonant  period  in  pitch  (2.26  seconds).  The  results  of  these 
tests  are  presented  in  Table  2. 

FULL  SCALE  PREDICTIONS  OF  MARK  56  AND  57  MINES 

We  shall  now  present  a  theoretical  comparison  of  the  pitch  response 
of  the  MARK  56  and  57  mines.  Pertinent  data  are  as  follows: 


MARK  56 

MARK  57 

Length 

inches 

89.8 

101.8 

Diameter 

inches 

23.4 

20.8 

Weight 

pounds 

975 

1,040 

^CG 

inches 

55.2 

68.0 

l 

inches 

27.6 

24.1 

g  I 

pounds  square  inches 

**3,550,000 

**5,607,000 

V 

cubic  inches 

*  33,900 

*  32,600 

Displacement,  sea  water 

pounds 

*  1,250 

*  1,210 

T,  sea  water 

pounds 

275 

170 

^CB 

inches 

*  44.0 

*  56.9 

g  I'  sea  water 

pounds  square  inches 

3,030,000 

4,860,000 

•k 

Bare  hulls,  without  appendages. 


*  ★ 

Based  upon  assumed  radius  of  gyration  about  the  center  of  gravity 
of  0.272  L,  measured  on  the  MARK  56  aluminum  model. 
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From  Equation  [27]  we  define  the  following  nondimensional  pitch  response 
parameter: 


These  two  response  functions  are  plotted  in  Figure  7,  along  with 

Kli 

values  of  the  exponential  function  e  for  various  depths.  Also  shown 

by  dashed  lines  are  approximate  expected  values  for  the  response  near 

resonance,  as  inferred  from  the  experiments  with  the  altered  (long  mooring 

★ 

arm)  model.  Figure  8  shows  the  comparison  of  theoretical  and  experi¬ 
mental  data  for  the  MARK  56  mine  and  for  the  altered  (long  mooring  arm) 
version  of  this  mine.  The  agreement  is  generally  good  except  for  ex¬ 
cessive  scatter  of  the  experimental  data  at  the  longest  wavelength,  which 
is  attributed  to  the  limitations  of  the  wavemaker  and  for  the  breakdown 
of  the  theory  in  the  resonance  domain  of  the  altered  model. 

PREDICTED  PITCHING  MOTION  IN  A  SEAWAY 


Predictions  have  been  made  of  the  pitching  motions  of  both  mines 
in  several  idealized  sea  conditions  and  at  several  mooring  depths  by 
applying  the  principles  of  linear  superposition.  Using  this  procedure, 
the  spectrum  of  pitching  motion  is  obtained  by  multiplying  the  wave-height 
spectrum  by  the  square  of  the  amplitude  response  in  pitch.  The  form  of 
the  wave  spectrum  used  in  these  calculations  is  that  proposed  by  Pierson 
and  Moskowitz1  for  a  fully  developed  wind  generated  sea  and  is  given  by 


S(w) 


S.iOxlO-3  g2  e-0-74  (“o/")4 
5 


where  g  is  the  acceleration  due  to  gravity;  (oq  =  g/V,  where  V  is  the  wind 
velocity  19.5  meters  above  the  sea  surface. 

The  calculations  were  made  for  Sea  States  4  through  7,  correspond¬ 
ing  to  significant  wave  heights  of  6,  10,  15,  and  30  feet,  respectively. 


These  theoretical  predictions  differ  from  the  above  formulae  insofar 
as  the  fluid  density  of  fresh  water  is  used;  the  only  significant  effect 
is  on  the  cable  tension.  The  theoretical  prediction  for  the  long  arm  is 
based  upon  the  coupled  equations  of  motion,  the  pitch  amplitude  being 
given  by  Equation  [26];  in  this  instance,  the  ratio  of  £/c  was  sufficiently 
large  (0.157)  to  affect  the  motions. 
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and  at  mooring  depths  of  50,  100,  150  and  200  feet  below  the  surface.  The 
results  are  summarized  in  Table  3  which  presents  the  root-mean-square 
values  of  pitching  motion  for  the  various  conditions.  Values  greater  than 
25  degrees  are  not  reported  since  this  implies  pitching  motion  in  excess 
of  90  degrees  which  is  definitely  not  within  the  limits  of  the  linear 
theory  used  in  these  calculations. 

The  data  in  Table  3  show  that  the  pitch  motion  of  the  MARK  56  buoy 
is  greater  than  the  MARK  57  in  the  lower  sea  conditions.  The  resonant 
pitch  period  of  the  MARK  56  buoy  is  much  shorter  than  the  MARK  57  and, 
consequently,  it  responds  mere  to  the  higher  frequency-wave  content  in  the 
seaway.  As  the  sea  state  increases,  the  energy  at  the  lower  wave  fre¬ 
quencies  increases  very  rapidly,  and  the  MARK  57  buoy  with  its  longer 
resonant  period  responds  with  greater  pitching  motion  than  the  MARK  56. 
Increasing  the  mooring  depth  attenuates  the  motion  for  both  buoys  since 
the  wave  energy  is  attenuated  with  depth. 

PROBABILITY  OF  EXCEEDING  A  CERTAIN  PITCH  AMPLITUDE  (PEAK  VALUE) 

The  pitch  spectra  have  sufficiently  narrow  bands  that  we  may 
assume  that  the  envelope,  hence  the  peak  values  of  the  pitching  motion, 
follow  a  "Rayleigh  distribution." 

The  Rayleigh  distribution  is  given  by 


P  (6) 


2  2 
-  0  /2 o 


e 


where  0  is  the  envelope  or  a  peak  value  of  the  pitch  motion  and  a  is  the 
mean-square  value  of  pitch  and  may  be  obtained  by  squaring  the  values  in 
Table  3. 

The  probability  that  the  envelope  of  the  pitching  motion  exceeds 
a  value  0q  is  obtained  by  integrating  the  expression  for  the  Rayleigh 
distribution  from  0Q  to  «,  which  yields 

2  2 

P(0>6)=e-9  o/2°  0 
v  o 
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The  theoretical  probability  distribution  would  always  indicate  that  a 
certain  value  of  pitch  amplitude  (peak  value)  would  be  exceeded,  even 
though  this  probability  may  be  extremely  small.  In  actuality  the  distri¬ 
bution  will  be  truncated  at  some  finite  value  of  pitch  amplitude.  This 
cut-off  point  is  not  known  with  any  certainty;  however,  it  is  reasonable 
to  assign  some  low  value  of  probability,  for  instance,  0.0001, beyond  which 
no  value  of  pitch  motion  is  considered  to  exist. 

The  probability  of  exceeding  pitch  amplitudes  of  51  and  60  degrees 
for  various  sea  states  and  buoy  depths  is  presented  in  Tables  4  and  5. 
These  results  show  that  neither  body  will  exceed  these  angles  in  Sea  State 
4.  As  the  sea  state  increases  these  angles  will  be  exceeded  first  at  the 
shallow  depths  and,  finally,  in  Sea  State  7  at  all  depths  for  which  the 
calculations  were  made. 


CONCLUSIONS 

1.  The  theoretical  predictions  of  the  pitch  motions  of  the  MARK  56  and 
MARK  57  mines  are  reliable,  except  near  resonance,  which  will  occur  at 
wavelengths  of  approximately  450  and  1540  feet,  respectively.  At  resonance 
the  motions  are  governed  by  viscous  damping  which  can  not  be  predicted 
with  confidence  from  theory  or  experiments. 

2.  For  wavelengths  less  than  700  feet  the  MARK  57  mine  is  superior  with 
regard  to  minimization  of  pitching  motions.  But  for  larger  wavelengths 
the  MARK  56  is  superior  and  with  a  larger  difference  involved. 

3.  In  a  seaway  both  the  relative  and  absolute  performance  of  the  two  mines 
depends  on  the  sea  state  and  the  depth  of  submergence,  the  MARK  56  being 
better  in  situations  involving  higher  sea  states  and  deeper  submergence 
depths . 
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FREE  SURFACE 


Figure  1  -  Coordinate  System  and  Geometric  Set-up 


Figure  2  -  Model  of  MARK  56  Mine  Figure  3  -  Model  of  Altered 

MARK  56  Mine 
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Figure  6  -  Sketch  of  Test  Set-Up 


24 


Figure  8  -  Comparison  of  Measured  and  Predicted  Pitch  Response 
for  Model  56  Mine  at  20-Foot  and  40-Foot  Depths 
and  of  Altered  (Long  Mooring  Arm)  Mine  at  20- 
Foot  Depth 

Run  numbers  denote  experimental  measurements  and  solid  lines  denote  theoretical  predictions. 
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TABLE  1 

Test  Results  (Unaltered  Model) 


Depth  of  model  beneath  free  surface 


5  feet,  model  scale 
.20  feet,  full  scale 


Depth  of  water 


20  feet,  mcdel  scale 
89  feet,  full  scale 


n  .  ,  c  c  ,  f  4.4  seconds,  model  scale 

Period  of  free  oscillation  m  pitch  J  * 

L  8.8  seconds,  full  scale 


Wave  length 


Wave  height 


Pitch 


Model , 
feet 

Full  scale, 
feet 

Model , 
inches 

Full  scale 
feet 

angle,  ** 
degrees 

amplitude, 

degrees 

39.8 

159 

7.2 

2.4 

3 

8.6 

39.8 

159 

15.0 

5.0 

2 

18.4 

39.8 

159 

25.1 

8.4 

1 

29.1 

54.7 

219 

6.4 

2.1 

0 

11.1 

54.7 

219 

12.7 

4.2 

7 

24.9 

54.7 

219 

18.3 

6.1 

***g 

44.7 

Depth  of  model  beneath  free  surface 


Period  of  free  oscillation  in  pitch 


10  feet,  model  scale 
40  feet,  full  scale 

4.3  seconds,  model  scale 
8.6  seconds,  full  scale 


Wave  length 

Wave 

★ 

height 

Heading 

Pitch 

Model, 

feet 

Full  scale, 
feet 

Model, 

inches 

Full  scale 
feet 

angles ,** 
degrees 

amplitude, 

degrees 

39.8 

159 

7.9 

2.6 

6 

4.0 

39.8 

159 

14.8 

4.9 

0 

7.6 

39.8 

159 

23.7 

7.9 

0 

12.8 

54.7 

219 

5.0 

1.7 

20 

6.6 

54.7 

219 

13.5 

4.5 

6 

14.1 

54.7 

219 

19.0 

6.3 

0 

24.9 

Double  amplitude. 

Heading  angle  relative  to  wave  direction. 

*  *  * 

Head  seas. 


TABLE  2 

Test  Results  (Altered  Model) 


Depth  of  model  beneath  free  surface  I  ^  ^eet»  model  scale 

(20  feet,  full  scale 

n  ,  r  „  f  20  feet,  model  scale 
Depth  of  water  -/  ’ 

l  80  feet,  full  scale 

Period  of  free  oscillations  in  pitch  seconds,  model 

1.4.6  seconds,  full  s 


model  scale 
full  scale 


Period  of  free  oscillations  in  pitch 


2.3  seconds,  model  scale 
4.6  seconds,  full  scale 


Wave  length 

★ 

Wave  height 

Heading 

Pitch 

Model, 

feet 

Full  scale, 
feet 

Model, 

inches 

Full  scale, 
feet 

angle,** 

degrees 

amplitude, 

degrees 

39.8 

159 

21.1 

7.0 

22 

22.0 

54.7 

219 

20.1 

6.7 

13 

13.5 

30.0 

120 

7.7 

2.6 

69 

14.8 

25.0 

100 

8.3 

2.8 

9 

14.6 

20.0 

80 

9.0 

3.0 

***0 

10.5 

22.6 

90.4 

9.3 

3.1 

4 

12.7 

27.6 

110 

9.5 

5.2 

7 

15.5 

25.0 

100 

4.8 

1.6 

2 

10.4 

15.0 

60 

9.0 

3.0 

35 

3.8 

* 

Double  amplitude. 

Heading  angle  relative  to 

Head  Seas. 

wave  direction. 

Mine 
Sea^\ 
State \ 


50  feet 


100 

feet 

MARX  56 

MARK  57 

3.5 

1 .6 

13 

7.2 

25 

22 

>25 

>25 

150  feet 


200 

feet 

MARK  56 

MARK  57 

14 


8.0 

19 


o  to 


TABLE  4 


Probability  (P)  That  the  Pitch  Amplitude  0  Exceeds 
a  Value  of  0^  =  51  Degrees 


50 

feet 

100 

feet 

150 

feet 

200 

feet 

MARK  56 

MARK  57 

MARK  56 

MARK  57 

MARK  56 

MARK  57 

MARK  56 

MIRK  57 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

>0.1250 

0.0013 

0.0046 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

>0.1250 

>0.1250 

0.1250 

0.068 

0.0013 

0.0013 

<0.0001 

<0.0001 

>0.1250 

>0.1250 

>0.1250 

>0.1250 

>0.1250 

>0.1250 

0.0274 

>0.1250 

Envelope  or  peak  values  of  the  pitch  signal. 


TABLE  5 

Probability  (P)  That  the  Pitch  Amplitude  0  Exceeds 
a  Value  of  0  =60  Degrees 


50 

feet 

100 

feet 

150 

feet 

200 

feet 

MARK  56 

MARK  57 

MARK  56 

MARK  57 

MARK  56 

MARK  57 

MARK  56 

MARK  57 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

>0.0562 

0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

<0.0001 

>0.0562 

>0.056 

0.0562 

0.0242 

0.0001 

0.0001 

<0.0001 

<0.0001 

>0.0562 

>0.056 

>0.0562 

>0.0562 

>0.0562 

>0.0562 

0.0068 

>0.0562 

Envelope  or  peak  values  of  the  pitch  signal. 
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